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1 Introduction 


The well-known Young inequality for two scalars is the weighted arithmetic-geometric mean 
inequality, which was attributed to the English mathematician William Henry Young (1863- 
1942). The inequality states that if a, 6 > 0 and 0 < u < 1, then 

(1 — v)a + vb > (1.1) 

with equality if and only if a = 6. If u = ^, we obtain the fundamental arithmetic-geometric 
mean inequality 2^/ab < a + b. If u > 1 or u < 0, then the reverse inequality of 

(1 — v)a + vb< a^~‘^b‘^ 


holds, the proof can be found in [T]. 
The Heinz mean, defined as 


Hy{a,b) 


2 


for a,b > 0 and 0 < u < 1, interpolates between the arithmetic mean and geometric mean. It 
is easy to see that the Heinz mean is convex as a function of v on the interval [0,1], attains 
minimum at v = 1/2, and attains maximum at u = 0 and u = 1, so 


\/a6 = Hi(a, b) < HJa, b) < Hi(a, b) 
2 


a + b 
2 


( 1 . 2 ) 


Moreover, Hy{a,b) is symmetric about the point v = 1/2, that is, Hy{a,b) = Hi-y{a,b). 

Kittaneh and Manasrah mm improved the Young inequality and obtained the 

following relations: 

r{y/a — Vb)'^ < (1 — v)a + vb — a^~'"b'" < R{y/a — Vb)'^, (1-3) 
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where a, 6 > 0, r; G [0,1], r = min{t>, 1 — and R = max{n, 1 — v}. 

Wu and Zhao m presented further improvements of (II.3j) that 

{1 — v)a + vb > r{^/a — + K{Vh, (1.4) 

{1 — v) a + vb < — Viy + K{Vh, 2)~'^^a^~'"b'^, (1-5) 

where h = ^, K(\/h, 2) = = min{2r, 1 — 2r}. Note that K(t,2) = is the 

classical Kantorovich constant which has properties K(l,2) = 1, K(t, 2) = K (j,2) > l(t > 0) 
and K(t, 2) is monotone increasing on [l,oo) and monotone decreasing on (0,1]. 

Recently, Zhao and Wu obtained the rehnements and reverses of Young inequality and im¬ 
proved inequalities (II.3p in the following forms: 

Proposition 1.1. \15^ Let a,b be two nonnegative real numbers and v G (0,1). 

(I) If 0 < V < ^, then 




(1 

— v)a + vb > 


+ 

v{^/a - 

Vby+ ' 

ri{V^ - v^y, 

(1.6) 



(1- 

v)a + vb < a^' 

-v^v^ 

(1 

- u)(v^ - viy 

— ri{Vab — 

Vby, 

(1.7) 

(11) 


^ < u < 1, 

then 










(1- 

v)a + vb> a^' 


(1 

— v){^/a — viy 

+ ri{V^ — 

Vby, 

(1.8) 



(1 

— v)a + vb < 


+ 

n(V« — 

Vby 

ri{V^ - v^y, 

(1.9) 

where r 

= 

min{u,1 — 

n} and ri = min{2r, 

1 - 

- 2r}. 






Let R('R) be the C*-algebra of all bounded linear operators on a complex separable Hilbert 
space {R, {■,■)). I stands for the identity operator. denotes the cone of all positive 

invertible operators on LL. As a matter of convenience, we use the following notations to dehne 
the weighted arithmetic mean and geometric mean for operators: 

AVyB = {l-v)A + vB, A#yB = A^{A-^BA-^yA^, 


where A,B ^ H''"+('R) and v G [0,1]. When u = i, we write AVB and AffB for brevity, 
respectively. 

An operator version of the Young inequality proved in m says that if A,B G and 

V G [0,1], then 

AVyB > AffyB. 

The Heinz operator mean is dehned by 


Hy{A,B) 


AffyB + Affl-yB 
2 


for A,B & B~^^{'H) and 0 < n < 1. 

It is easy to see that the Heinz operator mean interpolates the arithmetic-geometric operator 
mean inequality: 

< Hy{A, B) < AVB. (1.10) 

The equation (ll.lOp are called the Heinz operator inequalities (See [HI[TO]). 

The first difference-type improvement of the matrix Young inequality is due to Kittaneh and 
Manasrah [12] extending (1.2) to matrices: 


r{AVB - A#B) < AVyB - A#yB < R{AVB - AffB) (1.11) 


2 







holds for positive definite matrices A and B and 0 < n < 1, where r = minjr;, 1 — ?;} and 
R = inaxju, 1 — u}, which of course remain valid for Hilbert space operators by a standard 
approximation argument. 

Note that the hrst inequality in (ll.llh was independently established for positive operators 
A and B by Furuichi in [1]. 

The ratio-type improvements of the Young inequality are referred to 
The operator versions of (jl.4p and (II.5p were presented in |14| . 

Zhao and Wu m also extended inequalities (ll.6ll - (ll.9l) to positive invertible operators and 
improved (ll.llh . which were shown as 

Proposition 1.2. Let A,B€ and v € (0,1). 

(I) // 0 < u < then 

AVyB > 2v{AVB - A#B) + ri{A#B - 2H#iH + H) + A#^B, (1.12) 

4 

AV^B < 2(1 - v){AVB - A#B) - ri{A#B - 2A#iB + B) + A#^B, (1.13) 

4 

(II) if ^ < V < 1, then 

AVvB > 2(1 - v){AVB - A^B) + ri(4#H - 2A#iB + B) + A#yB, (1.14) 

4 

AV^B < 2v{AVB - A#B) - ri{A#B - 24#iH + A) + A#^B, (1.15) 

4 

where r = min{u, 1 — v} and ri = min{2r, 1 — 2r}. 

In this paper, we are concerned with several improvements of the Young and Heinz inequal¬ 
ities via the Kantorovich constant. In Section 2, we present the whole series of refinements 
and reverses of the scalars Young inequality which will help us to derive Heinz inequalities. In 
Section 3, we extend inequalities proved in Section 2 from the scalars setting to a Hilbert space 
operator setting. In Section 4, the Hilbert-Schmidt norm inequalities are established. 

2 Scalars inequalities 

In this section, we mainly present the direct refinements and reverses of the Young inequality 
for two positive numbers a, 6. When u = 0 and u = 1, the Young inequality is trivial. We will 
study the case v G (0,1). 

Theorem 2.1. Let a,b > 0 and v G (0,1). Then 
{!) If 0 < V < ^, then 

(I — v)a + vb > v{y/a — Vb)'^ + ri{\^ — # 0 )^ + I^i'Vh, 2y^a^~^b^, (2-1) 

(H) if ^ < V < 1, then 

(1 — v)a + vb> {1 — v)(^/a — Vby + ri(\^ — Vb^ + K{v^, 2Y^a^~'^b'^, (2.2) 

where h = —, r = minlu, 1 — v\, ri = min{2r, 1 — 2r} and fi = min{2ri, 1 — 2ri}. 
a 

Proof. The proof of the inequality (|2.2I) is similar to that of (12.11) . Thus, we only need to prove 
the inequality (12.ip . 

If u = I and V = ^, the inequality (12.ip becomes equality. 
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By the inequality ()1.4p , if 0 < n < |, then we get 

(1 — v)a + vb — v{y/a — Vb)"^ 

= 2v^fah + (1 — 2v)a 
> 2v{<f^ - + K{^^h, 

if I < n < ^, then we get 

(1 — v)a + vb — v{^/a — Vb)'^ 

= 2vVab + (1 — 2v)a 
> (1 - 2v){<f!A - + K{<fh, 

So we conclude that 

(1 — v)a + vh> v{y/a — Vb)'^ + ri{'V^ — y/a)'^ + K{-Vh, 2Y^a^~^b^. 


This completes the proof. 


□ 


Remark 2.1. By the properties of Kantorovich constant, m and (j2.2p are better than (HH) 
and dm), respectively. As a direct consequence of Theorem \2. 1[ we have the following inequali¬ 
ties with respect to the Heinz mean: 


a + b 
2 


> r{y/a - Vif + 



- y/df + - Vbf \ +K{</h,2pHYa,b). 


(2.3) 


Corollary 2.1. Let a,b > 0 and v G (0,1). Then 
{!) If 0 < V < ^, then 

((1 — v)a + vbY > v^{a — 6)^ + ri{\fab — a)^ + K(-\//i, 2^^ . (2.4) 

(II) // ^ < n < 1, then 

((1 — v)a + vbY > (1 — — bY + ri{'/ab — 6)^ + K{'/h, 2)^^ . (2.5) 

Proof. Replacing a by and b by 6^ in (12.ip and (12.2p . respectively, we have 

(1 — v)a‘^ + vb^ > v{a — 5)^ + ri{'/al) — oY + K{Yh, 2)’’^ {a}~'"KY 


and 

(1 - v)a^ + vb'^ >{l-v){a- bY + ri{V^ - bY + K{Vh, 2)^i . (2.6) 

If 0 < n < ^, then by the first inequality above, we obtain 

((1 — v)a + vbY — v‘^{a — bY 

= (1 — v)a‘^ + vb^ — v{a — bY 

> ri{-\fab — oY + K{-\fh, 2Y^ {cY~'"bY‘^ . 

If ^ < n < 1, then by using (12.6p . we get 

((I — v)a + vhY — (1 — vY{a — bY 

= (1 — v)a^ + vb^ — (1 — n)(o — bY 

> ri(v^-6)2+ K(Vh, 2)^1 . 


□ 
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Theorem 2.2. Let a,b > 0 and v G (0,1). Then 

(I) If 0 < V < ^, then 

(1 — v)a + vb < {1 — v){^/a — Vb)'^ — — Vb)'^ + K{-Vh, 2)~^^a^~'^b'^, (2.7) 

(II) If ^ < V < 1, then 

(1 — v)a + vb< v{^/a — Vb)'^ — ri{\^ — y/a)'^ + K{Vh, a^~'"b", ( 2 . 8 ) 

where h = —, r = min{u, 1 — v}, ri = min{ 2 r, 1 — 2 r} and ri = min{ 2 ri, 1 — 2 ri}. 
a 

Proof. The proof of inequality (12. 8 p is similar to that of (12.71) . Thus, we only need to prove 

( 1221 ). 

If 0 < u < ^, then by the inequality ()1.4I) , we deduce 

K{-Vh, 2)~'"^a^~'"b"^ + (1 “ — v^)^ “ (1 “ v)a — vb 

= K{-Vh, 2 )“^ia^“'" 6 ^ + (1 — 2v)b + 2v'/ab — 2'/ab 

> K(^, + K{<fh, 2y^a}^b^-'^ + ri(^ - Vbf - 2V^ 

> ri{\fah — Vby. 

If u = ^, the inequality (12.7h becomes equality. □ 

Remark 2.2. By the properties of Kantorovieh constant, and () 2 . 8 jl are better than 

and o, respectively. As a direct consequence of Theorem \2.‘A we have the following inequali¬ 
ties with respect to the Heinz mean: 

< R(\/a — Vby — — Vay + (v^ — V^)^] + K{-Vh, 2)~'^^Hy{a, b), (2.9) 

where R = max{u, 1 — u}. 

Corollary 2.2. Let a, 6 > 0 and v G (0,1). Then 

(I) If 0 < V < ^, then 

((1 — v)a + vby < (1 — vy{a — 6 )^ — ri{Vab — b^ + K{Vh, 2)~^^ . 

(II) // ^ < u < 1, then 

((1 — v)a + vby < v‘^{a — 6 )^ — ri{V^ — + K{\/h, 2)“’’^ ■ 

Proof. Replacing a by and b by 6 ^ in (12.71) and (12. 8 |) . respectively, we have 

{l-v)a^ + vb^ < ( 1 -u)( 0 - 6 ) 2 -ri(V^- 6)2 +K(Vh, 2 )-"i (ai-^ 5^)2 

and 

(1 — o)a2 + vb^ < v(a — 6)2 — ri(-\/a 6 — a)^ + K(\/h, 2)“'’^ (a^“’' 6 ’')^ . 

The rest proof is similar to Corollary 12.11 □ 
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3 Operator inequalities 


If ^ is a selfadjoint operator and / is a real valued continuous function on Sp(^) (the spectrum 
of A), then f{t) > 0 for every t G Sp(^) implies that f{A) > 0, i.e., f{A) is a positive operator 
on Ti. Equivalently, if both / and g are real valued continuous functions on Sp(^), then the 
following monotonic property of operator functions holds: 


f{t) > git) for any t G Sp(74) implies that /{A) > g{A) 


in the operator order oi BiTi). 

Theorem 3.1. Let A,Bg B^^{T-L) and positive real numbers m,m', M, M' satisfy either 0 < 
m'l < A < ml < MI < B < M'l or 0 < m' I < B < ml < MI < A< M'l. 

(I) If 0 < V < ^, then 


AV^B > 2v{AVB - A#B) + ri{A#B - 2A#iB + A) + K(^, 2Y^A#^B, (3.1) 

4 

(II) i/ ^ < u < 1, then 


AVyB > 2(1 - v){AVB - A#B) + riiA#B - 24#3B + B) + K(^, 2)^^A#yB, (3.2) 

4 

where h = r = min{u, 1 — u}, ri = min{2r, 1 — 2r} and fi = min{2ri, 1 — 2ri}. Equality 
holds if and only if A = B and m = M. 

Proof. If 0 < u < ^, it follows from the inequality (IS]) that for any x > 0, 


(1 — u) + ux > vi^/x — 1)^ + ri(-^ — 1)^ + Kiffx, 2y^x“. (3.3) 


Putting X = A ^BA under the condition 0 < m'l < A < ml < MI < B < M'l, we 
have 

I < hi = —I <X <h'I = ^I, 


m 


m' 


and then Sp(X) C [h,h'\ C (l,+oo). Thus for positive operator X, it can be deduced from the 
inequality (|3.3I) and the monotonic property of operator functions that 


il-v)I+ vX>viX-2X^+I) + ri{X^-2X1+I)+ min K(^,2)^ix’'. 

h<x<h' 


On the other hand, the Kantorovich constant K(t, 2) is an increasing function on (l,+oo), we 
get 

(1 — v)I + vA~^BA~^ >v{A~^BA~^ — 2{A~^BA~^)^ + I) 

+ ri((4-5S4-^)^ - 2{A-hBA-^2)\ + I) (3.4) 

+ K{yfh,2yYA-^BA-^Y, 


Likewise, under the condition 0 < m 'I < B < ml < MI < A < M'l, we have 0 < ^I < 
X < j-I < I and then Sp(X) C [^, 4] C (0,1). Thus for positive operator X, we obtain 


il-v)I + vX >v{X 


6 


On the other hand, the Kantorovich constant K(t, 2) is an decreasing function on (0,1) and 
K(7,2) = K(t,2),we get 

(1 - v)I + vX> v{X - 2X5 + /) + ri(X5 - 2X3 + /) + K{</h, 2Y^x^. (3.5) 

It is striking that we obtain two same inequalities (13.4p and (13.51) under the two different condi¬ 
tion. Then multiplying inequality (13.4p or ()3.5p by X 2 on both sides, we can deduce the required 
inequality (j3.ip . 

If i < u < 1, the inequality (13.2p follows from inequality (|2.2I1 by the similar method. □ 
The operator version of (j2.3l) can be shown as 
Corollary 3.1. Under the same conditions as Theorem \3.1{ then 

AVB > 2r{AVB - A#B) + ri{AXB + A#B - 2Hi{A, B)) + K(^, 2Y^H^{A, B). (3.6) 

4 

Theorem 3.2. Let A,B^ and positive real numbers m,m', M, M' satisfy either 0 < 

m'l < A < ml < MI < B < M'l or 0 < m'l < B < ml < MI < A < M'l. 

{!) If 0 < V < \, then 

AXyB < 2(1 - v){AVB - A#B) - ri{A#B - 2A#zB + B) + K(^, 2)-^^A#yB, (3.7) 

4 

(II) if ^ < V < 1, then 

AVyB < 2v{AVB - A#B) - ri{AffB - 2AffiB + A) + K(^, 2)-^^A#yB, (3.8) 

4 

M 

where h = —, r = minlu, 1 — u}, ri = min{2r, 1 — 2r} and ri = min{2ri, 1 — 2ri}. Equality 
m 

holds if and only if A = B and m = M. 

Proof. By (12.7p and (12.81) , using the same ideas as the proof of Theorem 13.11 we can get this 
theorem. □ 

The operator version of (j2.9l) can be shown as 

Corollary 3.2. Under the same conditions as Theorem Itt.A then 

AVB < 2R{AVB - AffB) - ri{AVB + AffB - 2Hi{A, B)) + K(^, 2)-^^ Hy{A, B), (3.9) 

4 

where R = max{?;, 1 — v}. 

Remark 3.1. (|3.6I) and (13.9p are sharper than (3.4) in \12f . 

7/0 < u < combining ([3T]) with daZD, then 

0 < AffyB 

< 2v{AVB - AffB) + AffyB 

< 2v{AVB - AffB) + ri{AffB - 2A#iB + A) + AffyB 

4 

< 2v{AVB - AffB) + ri{AffB - 2A#iB + A) + K{Vh, 2p A^yB 

4 

< AVyB 

< 2(1 - v){AVB - A#B) - ri{A#B - 2AffzB + B) + K{<fh, 2)-^^AffyB 

4 

< 2(1 - v){AVB - A#B) - ri{A#B - 2A#3B + B) + AffyB 

4 

< 2(1 - v){AXB - A#B) + AffyB. 
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By the properties of Kantorovich constant, ([31]) and ([321) are better than (I1.12p and (|1.14p . 
respectively. 

If ^ < V < 1, combining (|3^ with (ISSl), then 

0 < AifyB 

< 2(1 - v){AVB - A#B) + A#yB 

< 2(1 - v){AVB - A#B) + ri{A#B - 2A#iB + B) + Aff„B 

4 

< 2(1 - v){AVB - A#B) + ri{A#B - 2A#iB + B) + K{<fh, 2p A#^B 

4 

< AVyB 

< 2v{AVB - A#B) - ri{A#B - 2A#iB + A) + K{Vh, 2)-^^A#yB 

4 

< 2v{AVB - A#B) - ri{A#B - 2A#iB + A) + Ajf^B 

4 

< 2v{AVB - A#B) + Aif^B. 

(j3.7p and (I3.8p are better than (11.131) and (jl.l5p . respectively. 


4 Hilbert-Schmidt norm inequalities 


In this section, we present the improved Young and Heinz inequalities for the Hilbert-Schmidt 
norm. 

Let Mn(C) denote the algebra of all n x re complex matrices. The Hilbert-Schmidt norm of 
A S Mn{C) is denoted by ||4||^. It is well-known that the Hilbert-Schmidt norm is unitarily 
invariant in the sense that ||t/4H|||, = ||4.|||, for all unitary matrices U,V £ M„(C) (See [6l 
p.341-342]). The spectrum of A and B are denoted by Sp(H) = {Ai, A 2 , • • • , A^} and Sp(i?) = 
respectively. The Schur product (Hadamard product) of two matrices A,B £ 
Mn{C) is the entrywise product and denoted by Ao B. 

Hirzallah and Kittaneh [7] and Kittaneh and Manasrah [12] have showed that if A,B,X £ 
Mn{C) with A and B positive semidefinite matrices and v £ [0,1], then 

r^ ||4Y - XB\\l < 11(1 - v)AX + vXB\\l - \\A^-^XB^\\l < jjHAs: - XB\\l, (4.1) 

where r = min{u, 1 — u}, i? = max{u, 1 — re}. 

Applying Corollary 12.11 and 12.21 we derive two theorems which improve (14.ip . 


Theorem 4.1. Suppose A,B,X £ M„(C) such that A and B are two positive definite matrices. 
Let ^ 

K = min|K((Ai/rej)2 ,2),i,j = 1,2,--- ,re| . 

(I) // 0 < re < then 


(1 - v)AX vXBfp - re^ ||AA - XB\\], 


> n 


A 2 XB 2 - AX 


+ \\A^-^XB 


IF ’ 


(H) i/ i < re < 1, then 


(4.2) 


(1 - v)AX + vXB\\l - (1 - vf ||AA - XB\\l 


> n 


A 2 XB 2 -XB 


+ K^i \\A^-^XB 


(4.3) 


where r = minjre, 1 — re}, ri = min{2r, 1 — 2r} and ri = min{2ri, 1 — 2ri}. 


















Proof. Since A and B are positive definite, it follows by the spectral theorem that there exist 
unitary matrices U,V £ Mn{C) such that 

A = UAil7*,B = VA 2 V*, 


where Ai = diag(Ai, A 2 , • • • ,A„), A 2 = diag(i'i, 1 ^ 2 , ■ ■ ■ ,^n), > 0, f = ,n. 

Let Y = U*XV = [vij], then 

(1 - v)AX + vXB = [/((! - v)AiY + vYA 2 )V* 

= U[{{l-v)\i + vvj)oY]V\ 

AX -XB = U[{Xi - Vj) o Y]V*, 

A^XB^ -AX = U[{{XiUj)^ - Xi) o Y]V\ 

A^XB^ -XB = U[{{Xii^j)^ - Uj) o 

and 

j^i-vxB^ = Uax]-^!^]) o Y)V*. 

If 0 < n < utilizing the inequality (j2.4jl and the unitary invariance of the Hilbert-Schmidt 
norm, we have 

11(1 - v)AX + vXBfp - PX - XB\\% 

n n 

= ^ ((1 - v)Xi + Wjf\yij\‘^ “ X] 


ij\ 


i,j=^ 

n 


*j=i 


> 


^ [((1 - v)Xi + - v^{Xi - i^jf\yij\^] 

n r 

niiXii^j)^ - Ai) 2 |yijf + K (^(Aip)^ ,2) ' (Ai"VJ)^ \y, 


i,j=^ 

n n 

“ Ai)2|yij|2 + K^1 Y l2/bl' 

i,j=l *J=1 


= ri 


A 2 XB 2 - AX 


+ K^i \\A'--'’XB 


1 —D \r TJtl II 2 


Similarly, if ^ < n < 1, using the inequality (|2.5p . we can derive (14.3p . 


□ 


Theorem 4.2. Suppose A,B,X £ M„(C) such that A and B are two positive definite matrices. 
Let ^ 

K = min|K((Aj/i^j )2 ,2),i,j = 1,2, - • • ,n| . 

(I) If0<v<l 


- v)AX + vXBWl. - (1 - vf PX - XB\\], 


(II) i/ i < n < 1, then 


<K-^i \\A^-^XB^\\j,-ri 


A 2 XB 2 - XB 


(4.4) 


(1 - v)AX + vXB\\^^ - PX - X.Bp 

< K-^i \\A^-^XB^f^-‘ 


A 2 XB 2 - AX 


.IF 

where r = minju, 1 — v}, ri = min{2r, 1 — 2r} and ri = min{2ri, 1 — 2ri}. 


(4.5) 
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Proof. By using the same ideas as the prove of Theorem 4.1 and Corollary 12.21 we can obtain 
the required results. □ 

Remark 4.1. IfO<v<^, combining (14.2p and (14.4p with (BH), we obtain 

0 < \\A^-^XB^\\l 
<v^ PX - + WA^-'^XB^Wl 

<v^ PX - X.B||^ + pi WA^-'^XB^f 


PX - X5||^+ ri A 2 XB 2 -AX 
<\\{l-v)AX XvXBfp 
<il-vf\\AX-XBfp-ri 
<(1 - vf PX - XR||^ + K-’^i IjX^-^XR 


+ K’'i p^-’^XR 


A 2 XB 2 -XB 

1—V 


+ K 


-ri 


j^i-vxB^ 


<(1 - vY pX - XB\\p + p^-^XR 


IF ’ 


if ^ < V < 1, combining (031) and 

0 <\\a^-^xbY\1 


with mi, we can obtain similar results, 


<(1 - vY PX - XR||^ + ||p-"XR^ 
<(1 - vY PX - XR||^ + K^i P^-’^XR 


F 

1—v 112 

F 


A 2 XB 2 - XB 


<{l-vY\\AX -XB\\l + ri 
<\\{l-v)AX + vXBfp 
<v‘^\\AX - XB\\p-ri A^XB^-AX 

<n2pX-XR||^ + K-^i WA^-^XB'^Wl 
<v^ pX - XR||p + p^-^XR 


+ K’’i L4^-PR 


+ K- 


A^-^XB^ 


IF ’ 


which are improvements 0 / p^ ^XB 




-n)XX + nXR||^ (See JMW)- 
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